The aim of this paper is to provide a gentle introduction to Chabauty topology, while very little background knowledge is assumed. As an example, we provide pictures for the Chabauty space of C * . Note that the description of this space is not new; however the pictures are novel.
Hausdorff distance and Chabauty Space
Suppose you have a metric space (X, d), and two closed subsets A and B of X. When can we say A is close to B? First note that the following value is small exactly when some point of A is close to some point of B: For instance, if A and B intersect, the above quantity is zero. Geometrically speaking, we would like to say that A is close to B if every point in A is close to some point in B, and every point in B is closed some point in A. With this in mind, we can define the distance between A and B to be: As a consequence, if d H (A, B) is small, then A and B look very similar as geometric objects in X. Let F (X) be the set of all closed subsets of X and let us measure how far any two elements of F (X) are apart with d H . This is really a distance when X is compact (recall that any closed subspace of a compact space is compact, so that F (X) is now the set of all compact subsets of X). In this case, we call d H the Hausdorff distance. The topology of F (X) induced by the metric d H is not easy to understand in general. For instance, when X is simply a closed interval, F (X) is already homeomorphic to a Hilbert cube. See the beautiful paper [SW75] by R. Schori and J. West. We can still make d H as a metric for some non-compact metric spaces X. More precisely, we only need X to admit a one-point compactification which is metrizable. There are many examples of such spaces. The following lemma gives you one criterion. Lemma 1. Let X be a second-countable, locally compact metric space. Then its one-point compactification X is metrizable.
For the proof of this lemma, see Section 2 of [BC13] . From now on, let X be a non-empty metric space which admits a one-point metrizable compactification X. Let P ∞ be the point at infinity added to X to form X. Then for each element A of F (X), we can compactify it as a subset of X by adding P ∞ to A. Let A be the resulting compact subset of X. We compactify all elements of F (X) in this way simultaneously. Namely, let F (X) be defined by
Since X is metrizable, d H can be defined on F (X) with this metric on X. Now (
is small, then A and B look similar in X! This simple-minded trick of adding one extra point to every set simultaneously is very useful to study subsets of non-compact metric spaces geometrically. Instead of considering an arbitrary metric space, we can consider locally compact Lie groups. If you do not know what Lie groups are, just keep in mind that these groups happen to be metric spaces with metrizable one-point compactification. Let G be such a group. Since it is a group, it makes sense to consider its closed subgroups instead of closed subsets. Let F (G) be the set of all closed subgroups of G. Then we can define the metric space (F (G), d H ) as above. This is called the Chabauty space of G. The Chabauty topology is the topology on F (G) induced by the metric d H . It was introduced by Claude Chabauty in 1905 [Cha50] to study the space of all closed subgroups of a locally compact group. Interested readers are referred to the very nice introduction to Chabauty topology [dlH08] by Pierre de la Harpe.
To grasp some feeling about what Chabauty spaces look like, we will start with a very simple example, the real line.
2 Fundamental example: the Chabauty space of R Consider the real line R as an additive group. The closed subgroups of R are either R itself, or cyclic group generated by some real number. Let G r denote the group generated by r, so G r = rZ = {. . . , −2r, r, 0, r, 2r, . . .}. Since G r = G −r , we may always assume that r ≥ 0. Note that G 0 is the trivial group {0}. We would like to study the space of these groups in the Chabauty topology. As described in the previous section, we perform a simultaneous one-point compactification by adding ∞ to these subgroups of R. By Lemma 1, R = R∪{∞} is a metric space with its induced topology. Let d denote this metric.
Let's think about what would happen to G r when r tends to 0. Algebraically, it is natural to think the limit lim r→0 G r to be G 0 . On the other hand, G r becomes more dense as a subset of R if r gets smaller. If you observe only through a frame of fixed size, then you will see more and more points, and it is natural to expect that the geometric limit is everything. Indeed, we can prove the following lemma.
Lemma 2. G r converges to R as r → 0.
It is easy prove Lemma 2 rigorously and the proof will be similar to the one for Lemma 3. But instead of repeating a similar proof twice, let's look at the We saw what would happen in Chabauty space via pictures. Now let's see how one can write this in a more precise way. The proof of the following lemma provides the way we should think about the Chabauty topology. In particular, note that we never need to know explicitely the metric d.
Lemma 3. G r converges to G 0 = {0, ∞} as r → ∞.
Proof. Note that for any compact subset K of R, there exists a M > 0 such that G r − {0} ⊂ K c for all r ≥ M . Also, the complements of compact subsets form a basis of neighborhood of ∞.
Let > 0 be arbitrary and N be the -ball around ∞ in R. Let M > 0 be large enough so that G r − {0} ⊂ N for all r ≥ M . For all such r, the Hausdorff distance between G r and G 0 is defined by What about the Chabauty space of R n for bigger n? Already the case of R 2 is quite elaborate: the Chabauty space of R 2 is homeomorphic to the 4-sphere in which sits a nontamely embedded 2-sphere, corresponding to the set of non-lattice subgroups of R 2 . See [PH78] by I. Pourezza and J. Hubbard. A partial generalization of this result for R n can be found in [Klo09] .
Let us now turn to the example of the Chabauty space of C * .
3 The Chabauty space of C *
In this section, we study the Chabauty space of C * = C − {0}. C * is an annulus with infinite modulus, so it is conformally equivalent to C/2iπZ which is the model of C * we are going to use. We should emphasize that Lemma 1 and Propositions 2 and 3 are not original results, and can be found in [Hae09] or [Bac11]. We studied this space independently along the line of work regarding [BC12] , and still think the pictures we provide here are very useful to visualize the Chabauty space in this case.
Recall that any closed subgroup of C is isomorphic to exactly one of the following groups:
Lemma 4. The followings are all the closed subgroups of C containing 2iπ.
• A m := (2π/m)iZ for some m ∈ N,
• B 
Proof. Let Γ be a closed subgroup of C containing 2iπ. Then Γ contains A 1 . If Γ is discrete, it must contain A m for some maximal m; if Γ is isomorphic to R, it must be C ∞ = iR. Also, if Γ is a lattice containing A m for a maximal m, it must be of the form B Hence Γ = C x for some x > 0.
Proposition 5. In the Chabauty topology, we have the following convergence results.
•
The proofs of these assertions are either easier than or similar to the proof of Proposition 6 below; they are therefore left to the reader to check.
Proposition 6. Let (z n = x n + 2iπθ n ) be a converging sequence of complex numbers, with
If θ is rationnal, say θ = p/q with p, q coprime positive integers, define for all n t n to be the slope of the line passing through 0 and qz n − 2iπp, i.e.
Then the limit in the Chabauty topology of the sequence B m zn is
Proof. The case where θ is irrationnal is immediate; let us suppose that θ ∈ Q. Note, just by drawing all lines of slope t n passing through points of B Therefore the left end of the cylinder, where x = 0, is glued to D-bouquet, in such a way that all points 2iπθ with θ irrational are collapsed to the wedge point of the bouquet, and the other points are blown up to some circles of the bouquet.
Note that θ 1 = p 1 /q 1 and θ 2 = p 2 /q 2 are blown up to the same circle, as long as lcm(m, q 1 ) = lcm(m, q 2 ). Thus if m = 1, then this end is exactly the D-bouquet; but whenever m > 1, the end is glued to a proper subbouquet, containing only petals of index in mN.
We call the resulting space the mth layer, noted L m . We can now collect every result of Propositions 5 and 6 into a global picture for the Chabauty space of C * (see Figure 5 ).
4 Motivation for these pictures: limit of abelian subgroups of PSL 2 (C).
Consider the set H l of all elements of PSL 2 (C) fixing the same common axis l. Here, we think of PSL 2 (C) as the group of automorphisms of the hyperbolic 3-space H 3 , and l is an axis in H 3 , determined by its two endpoints on CP 1 = ∂H 3 . The set H l is actually a group isomorphic to C * . For example, when l is the axis connecting 0 to ∞ ∈ CP 1 , H l is the collection of transformations [z → αz] for α ∈ C * .
Figure 5: The Chabauty space of C * Therefore, the set of abelian subgroups of PSL 2 (C) sharing the same fixed axis is a copy of the Chabauty space of C * , sitting inside the Chabauty space of PSL 2 (C). What happens to H l if you continuously shrink l to a point, i.e. if you make its endpoints converge to the same limit point?
It is well-known that you get some subgroups of parabolics fixing this endpoint. Since the set of parabolic elements fixing the same point is a group isomorphic to C (for instance, the parabolic elements fixing ∞ are the [z → z + β] for β ∈ C), the space of such subgroups is a copy of the Chabauty space of C, which we saw from [PH78] to be homeomorphic to the 4-sphere.
The problem of describing how copies of the Chabauty space of C * accumulate to this 4-sphere appears of interest to us. It is dealt with in [BC12] .
